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ABSTRACT: Instability in geotechnical structures such as dikes or earth dams may be induced by internal erosion. In this
phenomenon, finer soil particles are plucked off from the solid matrix by seepage flow and transported through the pore domain over
time. Due to the loss of a part of the solid phase, the mechanical properties of the soil are progressively degraded, and, with time,
earthen structures are under considerable risk of failure. Research on this topic is still fairly new and much more needs to be
understood. In this study, a hydro-mechanical model based on porous continuous medium theory has been proposed to assess how
internal erosion impacts the safety of earthen structures. An elasto-plastic constitutive model for sand-silt mixtures has been
developed to describe the effect of the evolution of both porosity and fines content induced by internal erosion upon the behavior of
the soil skeleton. The model is developed within finite element method framework. It is applied to a dike subjected to internal erosion
induced by the presence of a karstic cavity beneath the alluvium layer.

1. INTRODUCTION
Internal erosion occurs when fine particles are plucked off
by hydraulic forces and transported through the coarse
matrix. The known causes are either a concentration of
leak erosion, backward erosion, soil contact erosion, or
suffusion (Bonelli and Marot 2008; Fell et al. 2003; Wan
and Fell 2004). This paper focuses on suffusion, which
corresponds to the detachment and migration of fine
particles within the voids of coarse particles by seepage
flow. The induced modification of the soil microstructure
may lead to deformations at the macroscopic scale and,
consequently, influence significantly the mechanical
behavior of the soil. Many damages and failures of
embankment dams can be associated with internal erosion
(Fell et al. 2003; Xu and Zhang 2009; Zhang and Chen
2006; Zhang et al. 2009; Rönnqvist et al. 2014). Foster et
al. (2000) showed that internal erosion led to nearly 46%
of the damages of 128 embankment dams. Besides,
sinkholes and cavities triggered by internal erosion are
frequently observed within dams and dikes (Muir Wood
2007; Sterpi 2003). Internal erosion can also trigger slope

failures and generate significant landslides (Crosta and
Prisco 1999; Hu et al. 2018).
Over the last decades, this phenomenon has been tested in
the laboratory (Bendahmane et al. 2008; Bendahmane et
al. 2006; Chang and Zhang 2011; Marot et al. 2016;
Moffat et al. 2011; Reddi et al. 2000; Skempton and
Brogan 1994; Sterpi 2003). The focus has been on the
potential for internal erosion, its initiation and
development under multi-stage seepage flows and
complex stress states, as well as on the stress-strain
behavior of eroded soils. More recently, internal erosion
has been modeled by several numerical methods in order
to enhance the design of hydraulic works. All these
studies have adopted either a discrete approach (Lominé
et al. 2013; Reboul 2008; Sari et al. 2011; Scholtès et al.
2010; Sibille et al. 2015; Zhao and Shan 2013) or a
continuous approach (Bear and Bachmat 2012; Cividini
and Gioda 2004; Fujisawa et al. 2010; Schaufler et al.
2013; Stavropoulou et al. 1998; Vardoulakis et al. 1996;
Wong et al. 2013).
Since the continuous approach permits work to be done at
the scale of an entire engineering structure, it is certainly

preferable to operate within this framework and to
improve the mechanical response of the soil by
monitoring the porosity and the evolution of the fines
content throughout the process of internal erosion. First,
a four-constituent model has been developed to describe
the detachment and transport of fines content induced by
internal erosion. It was implemented into a finite element
and validated by reproducing a wellbore erosion
simulation. Secondly, the solid skeleton behavior has
been simulated by a novel elasto-plastic sand-silt mixture
model which accounts for the effect of porosity and fines
content on the degraded mechanical properties of the soil
to analyze the influence of internal erosion induced by the
collapse of a karstic cavity beneath the alluvium layer of
a dike.

2. MODEL FORMULATIONS
2.1. Mass balance and particle transport
The mass balance equations are based on the porous
media theory (de Boer 2000; Schaufler et al. 2013; Yang
et al. 2017). The saturated porous medium is modeled as
a system of 4 constituents: the solid skeleton (ss), the
erodible fines (se), the ﬂuidized particles (fp) and the pure
ﬂuid (ff), as shown in Fig. 1. The ﬁnes can either behave
as a ﬂuid-like (described as ﬂuidized particles) or a solidlike (described as erodible fines) material. Thus, a liquidsolid phase transition process is taken into account in the
present model by a mass production term in the
corresponding mass balances for erodible fines and
fluidized particles.
Pure fluid (ff)

Solid
skeleton (ss)

Fluidized
particles (fp)

Erodible
fines (se)

Liquid phase

Fig. 1. Microstructure of fluid saturated granular soils

In a given Representative Elementary Volume (dV)
consisting of the four constituents, the volume fraction n x
of a single constituent x is expressed as:
n = dV

x

dV

At a material point level, the volume balance for the x
phase is reduced from the mass balance, neglecting the
hydro-mechanical dispersion tensor(Schaufler et al. 2013):
(2)

where n ex , x is the volume exchange term, v x is the
velocity.

(3)

The transformation of the state of fines from part of the
solid skeleton to fluidized particles leads to:
nex , a = −n ex , se = nˆ, n ex , ss = 0 and n ex , ff = 0

(4)

The mass balance equations are then given by the
following expressions:
− t + div ( v s ) − div ( v s ) = −nˆ

(5)

 t ( f c ) −  t ( f c ) + div ( f c v s ) − div ( f c v s ) = −nˆ

(6)

 t ( c ) + div ( cq w ) +  t ( c v s ) = nˆ

(7)

div ( q w ) + div ( v s ) = 0

(8)

Where q w denotes the total discharge of liquid,

q w =  ( v f − v s ) , v s =  t u denotes the soil skeleton

velocity, deduced from the displacement of soil skeleton
u.

2.2. Darcy’s law
In this study, the flow in the porous medium is governed
by Darcy’s law:
k ( )

k  ( c )

( grad ( p ) −  ( c ) g )
w

(9)

where k is the intrinsic permeability of the medium
depended on porosity (Yang et al. 2017), k is the
kinematic viscosity of the fluid, pw is the pore fluid
pressure, g is the gravity vector,  ,  s and  f are the
density of the mixture, the solid and the fluid:
 = c  s + (1 − c )  f

(1)

with dV x denoting the volume of the corresponding
constituent.

 t ( n x ) + div ( n x v x ) = nex , x

 = n ff + n fp , f c = n se (1 −  ) and c = n fp 

qw = −

Solid phase

x

Moreover, it is assumed that ﬂuid and ﬂuidized particles
have at any time the same velocity. The solid skeleton is
assumed to be deformable but non-erodible. The porosity
field , the amount of erodible fines fc, the concentration
of the fluidized particles c are defined as follows:

k = k0

k
k
(1 −  )

(10)

1

2

(11)

2.3. Constitutive equation for mass exchange
Eqs. (5)-(8) do not suffice for solving a boundary value
problem, as the mass exchange term needs also to be
formulated. A model for the rate of the eroded mass,
suggesting that erosion is mainly driven by the discharge
of the fluidized particles c qw , is given by the following
relation (Vardoulakis et al. 1996):
n̂ =  c qw

(12)

where  is
experimentally.

a

material

parameter

determined

iteration counter. The linearized forms of the weak forms
are then derived as:

2.4. Balance of linear momentum
The model has been developed for geotechnical
applications and it is not the aim of the present study to
present the thermodynamical setting of the erosion model.
Therefore, the linear momentum balance equation of a
constituent is given as follows under isothermal and
quasi-static conditions:
div ( σ i ) + i w + pˆ i = 0,

 pˆ

unknowns, i.e. J ij = ( Ri x j ) . The integer m is the

i

=0

(13)

i

where σ i is the total Cauchy stress tensor of the solid or
liquid phase; w is the body force vector, pˆ i is the
interaction force between solid and liquid phases. In this
configuration, further density driven momentum
production (see Steeb and Diebels 2003) and body forces
are not taken into account. Nevertheless, we assume that
the process is slow, i.e. the inertia forces can be neglected.
This equilibrium equation allows prescribing the total
force t = σ  n and the solid displacement u s at the
boundary of the body. Thus the set of equations (5)-(8)
can be closed by:
 ij ,i + pw,i = wi

(14)

where  ij denotes the component of the effective stress
tensor, pw the pore pressure, w the averaged body force
per unit volume.

3. NUMERICAL ITEGRATION
Together with Eqs. (5)-(8), (12) and (14), a system of 5
equations for 5 unknowns ( u, pw ,  , c, q w ) was obtained:
the soil skeleton displacement ( u ), the pore pressure ( pw
), the porosity (  ), the concentration of fluidized particle
( c ) and the total discharge of liquid ( q w ). This coupled
mechanical-erosion process is a non-linear transient
problem. Weak forms of the governing equation system
were implemented in a finite element code ABAQUS
(Hibbitt et al. 2001). The weak forms were linearized and
solved iteratively at each time step with the NewtonRaphson method. The non-linear system can be written in
a compact form:
R ( u , pw ,  , c , q w ) = 0

R1
u

R1
pw

0

0

0

R2
u

R2
pw

R2


R2
c

0

R3
u

0

R3


R3
c

R3
qw

R4
u

0

R4


R4
c

R4
qw

0

R5
pw

R5


R5
c

R5
qw

approximation ( ) to the solution y , the (m+1)th
approximation was obtained from the mth by solving:

R1
R2

(17)

R3
R4
R5

( m)

( m)

In the finite element formulation, the Galerkin method
was used. An isoparametric 8-node element was
developed and implemented into the finite element code
ABAQUS. The soil skeleton displacement ( u ) was
approximated at 8 nodes, whereas the other 4 unknowns
( pw ,  , c, q w ) were approximated at 4 nodes to ensure the
Inf-Sup or LBB condition (Babuška 1973; Brezzi 1974;
Ladyzhenskaya 1969).

4. VERIFICATION
The proposed numerical approach was firstly applied to
simulate the wellbore erosion problem defined by
Stavropoulou et al. (1998). An erosion law which
considers plugging as a higher-order effect was used:

c2 
nˆ =  (1 −  )  c −  q w
ccr 


(18)

where ccr denotes the critical value of c for which the
two competing phenomena, erosion and plugging,
balance each other. The obtained results were then
compared to the published results of Stavropoulou in
order to validate the proposed numerical approach.
P0=8MPa
r0=5m
ra=0.1m

0=20MPa

(15)

where R is the vector of residuals. Giving an initial

u
 pw

=−
c
 qw ( m +1)

Pa=5MPa

y 0

J ( m)  y ( m +1) − y ( m)  = −R ( m)

(16)

where J is the Jacobian matrix which contains the partial
derivatives of the residuals R with respect to the

Fig. 2 Geometric and boundary conditions for the wellbore
erosion problem

Fig. 2 illustrates the horizontal section of a wellbore in
deep rock (Stavropoulou et al. 1998), which is treated as
a porous and permeable material. A water pressure
gradient initialized a fluid flow towards the inner free

surface of the wellbore, a process leading to internal
erosion. The mechanical behaviour of the soil skeleton
was assumed to be elastic. The initial porosity was
0 = 0.25 , the initial concentration of fluidized particles
c0 = 0.001 , the erosion coefficient  = 5m −1 . More details
can be found in Stavropoulou et al. (1998).
In this example, the material was assumed to be nonlinear elastic, whereas the rock elasticity is assumed to
depend on the porosity in such a way that the material
becomes weaker with the increase of porosity:
E = E (1 −  )

(19)

where E is the Young’s modulus, and the porosity  is a
damage parameter.
Fig. 3 shows the spatial profiles of porosity and pore
pressure at various time steps. Fig. 4 shows the
distribution of tangential effective stress at various time
steps. The results of the 2D plane strain simulation are in
good agreement with the results of the axisymmetric
analysis carried out by Stavropoulou et al. (1998). The
slight differences might be related to the time increment
and the mesh size, which were not given in Stavropoulou
et al. (1998).

of the dike of Val d’Orléans (Alboresha 2016). The dike
was built on sandy-silt alluvium formation over karstic
limestones. A confined aquifer under pressure is located
underneath the limestone layer. It can rise inside the
karstic caves and even reach the alluvium layer. Internal
erosion due to seepage flow can take place when the water
level is different in the alluvium and in the confined
aquifer. The computations aim to show how the internal
erosion may weaken the foundation and the dike, which
will eventually lead to subsidence or collapse of the
dike. The problem is analyzed under the assumption of a
plane strain condition. The water level is located at the top
of the dike, i.e., 10.5 m, as the extreme configuration of a
flooding condition is considered. The dike is assumed to
be initially stable under gravity and the water head of the
confined aquifer is assumed to be 11.0m. Presumably, a
karst collapse underneath the alluvium layer leads to a
cavity connecting the alluvium and the confined aquifer
where erosion can occur due to the existence of local
hydraulic gradients in the vicinity of the cavity. To
simplify, the influence of the size of the cavity was not
considered, the cavity was assumed to be localized at a
single point of the model.
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Fig. 4 Distribution of tangential effective stress at various
time steps: (a) Results of Stavropoulou et al. 1998; (b)
Simulation results

5. NUMERICAL MODELING OF INTERNAL
EROSION WITHIN A DIKE
5.1. Description of the problem
The characteristics of the studied configuration are
presented in Fig. 5 according to the typical cross section

The alluvium and the dike were considered to be made of
the same mixture of sand and silt. A non-associated
elastoplastic model for sand-silt mixture (Yin et al. 2016)
has been adopted. This model has been extended from the
basic SIMSAND model (Jin et al. 2016a; Jin et al. 2016b;
Wu et al. 2017) under the framework of the critical state
concept and elastoplasticity theory (summarized in Table
1), by the incorporation of the position of the critical state
line as a function of the fines content in order to unify the
mechanical behavior of a sand-silt mixture from silt to
sand or sand to silt. A non-linear expression of the critical
state line was adopted as follows:
ec = ecr 0 −  ( p pat )



(20)

where ecr 0 is the reference critical void ratio
corresponding to the void ratio e at the mean effective
stress p ' = 0 . It determines the position of the CSL in the
e − p ' plane.  and  are material constants controlling
the non-linear expression of the CSL. According to Yin et

al. 2016, ecr 0 is considered as a function of the fines
content in order to unify the mechanical behavior of a
sand-silt mixture for different fines contents:
ecr 0 = ehc , cr 0 (1 − f c ) + af c 


1 − fc
+ ehf , cr 0  f c +

( Rd )m


1 − tanh  ( f c − fth )
2

 1 + tanh  ( fc − fth )

2


(21)

where ehc ,cr 0 and ehf ,cr 0 are the reference critical void
ratios for the pure sand and pure silt, respectively; a
controls the slope of the curve for the silty sand; m
controls the slope of the curve for the sandy silt; fth and
 control the transition zone between the silty sand and
the sandy silt. Rd is the ratio of the mean size of the
coarse grains D50 to the mean size of the fine grains d50.
Therefore, this model is able to take into account the
influence of the change of porosity and the fines content
on the mechanical behavior of the soil during the erosion
process.

5.3. Hydro-mechanical
internal erosion

responses

induced

by

Fig. 6 shows the evolution with time of the void ratio
inside the dike and the underlying soil foundation. As
internal erosion takes place, the void ratio, which is
initially spatially uniform throughout the whole model,
begins to increase with time. The void ratio increase starts
at the vicinity of the cavity where a highly eroded zone
appears and develops towards the dike, following the
direction of the maximum hydraulic gradient. At places
where the fines content reaches the residual fines content,
it is assumed that the erosion process is balanced by the
filtration process and, as a consequence, the void ratio will
no longer change, but the size of the eroded area will
continue to develop.

Table 1 Basic constitutive equations of SIMSAND
Components

Constitutive equations
1 +

 ije =
 ij −
 kk  ij
3K (1 − 2 )
3K (1 − 2 )

Elasticity

(2.97 − e)2  p ' 
K = K 0  pat


1 + e  pat 



Yield
fs = q p ' − H
surface in
shear
Potential

g s
q  g s
= Ad  M pt −  ;
= 1 1 1 1 1 1
surface in
p
p  sij

shear
Hardening
H = M p dp k p +  dp
rule for
shear
Critical
state line
tan  p = ( ec e ) tan  ; tan  pt = ( e ec ) tan 
and inter
ec = ecr 0 −  ( p pat )
locking
effect
*K is the bulk modulus;  is the Poisson’s ratio; pat is the atmospheric
pressure (pat = 101.325 kPa); p' is the mean effective stress; q is the
deviatoric stress; kp is the plastic shear modulus; Ad is the stressdilatancy parameter; p is peak fiction angle; pt is phase
transformation friction angle;  is critical fiction angle; Mp and Mpt is
the stress ratio corresponding to peak strength and phase
transformation strength respectively; ec is the critical void ratio; ecr0 is
the reference critical void ratio corresponding to pref = pat;  is the slope
of the CSL in the e–log p' plane.

(

)

The physical properties and the material parameters
correspond to the Ottawa 50/200 sand-silt characteristics
(Yin et al. 2016) with e0 =0.6 , c0 = 0.01 and f c 0 = 0.4
have been adopted in this analysis. A residual fines
content was artificially given for the sake of simplicity (
f c , r = 0.3 ).

Fig. 6 Spatial distribution of void ratio at different times

Fig. 7 show the deviatoric plastic strain fields within the
deformed dike at the corresponding times of Fig. 6. The
displacements were reset after the initiation of the stresses
by gravity. The increase of the void ratio accompanied by
a downward shift of the CSL in the e-p’ plane induced by
the decrease of the fines content makes the soil looser. As
a consequence, the soil resistance decreases. Two stages
can be distinguished from the results. Plastic deformation
initiates in the vicinity of the cavity. The deformation of
the dike develops at a fairly slow pace at the early stage

of the erosion when the eroded zone is concentrated in the
foundation. At this stage, the soil moves downwards to
the cavity, as the eroded zone around the cavity is weaker.

Fig. 8 Time variation of displacement magnitude at point D,
point E, and maximum displacement

6. CONCLUSION
This study attempted to provide a novel contribution to
the numerical approach for modelling the internal erosion
of soils. The work consisted of modelling the internal
erosion of the soil skeleton and the transport of fine
particles by the fluid through the mass exchange between
the solid skeleton and the pore water. The governing
differential equations were formulated based on the
balance of four assumed constituents, and then
implemented into a finite element code. The code was
validated via the comparison with a wellbore erosion
simulation (Stavropoulou et al. 1998). In addition, an
elasto-plastic sand-silt mixture constitutive model
considering the fines content effect was used to take into
account the hydro-mechanical coupling induced by
internal erosion.

Fig. 7 Deviatoric plastic strain field at different times

The rate of the deformation keeps increasing with the
development of the eroded zone, confirmed by the time
variation of the displacement magnitude, as shown in Fig.
8. 316 days after the beginning of erosion, a measurable
deformation of the dike appears, accompanied by the
initiation of a shear sliding surface in the eroded zone near
the toe of the slope. At this stage, the plastic deformation
develops drastically with time until the dike is destroyed
by a sliding rupture of the slope. It should be noted that
this simulation is an example under extreme conditions,
where the soil cohesion has not been considered, and the
dike is immersed. The decrease of the fines content, in this
case, leads to the decrease of ecr 0 . Furthermore, the hydromechanical responses also depend on the location of the
cavity, the rate of erosion, the initial and the residual fines
content, which will be discussed in the future.

The example of a dike demonstrated the applicability of
the model to simulate the evolution of internal erosion
with time on a real scale problem. The effects of internal
erosion led to an increase of the index void ratio of the
soil and a loss of fines content, which in turn resulted in
the decrease of the shear strength of the eroded zone,
evaluated by a sand-silt mixture constitutive model. In
this case, the numerical results showed that the
deformation of the dike developed rather slowly when the
eroded zone was concentrated within the foundation. A
measurable deformation within the dike appeared when
the eroded zone developed towards the slope area. It
increased dramatically until the dike failed suddenly due
to a sliding rupture of the slope.
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